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Based on the third order approximation developed by Ortega, we present the formula of
the first twist coefficient for a nonlinear damped equation. As an example, we consider the
Lyapunov stability of a superlinear damped differential equation.
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1. Introduction
Consider the nonlinear scalar differential equation
x′′ + g(t, x) = 0, (1.1)
where g = g(t, x) : R× R→ R is 2π-periodic in t and of class C0,5 in (t, x). Suppose that x = ψ is a 2π-periodic solution
of (1.1). For the Lyapunov stability of ψ , a classical idea is to study the associated Poincaré map P of (1.1). The 2π-periodic
solution ψ corresponds to a fixed point of P , say (x0, y0). Thus, one may instead consider the stability of this fixed point of
the Poincaré map, which can be studied through the Birkhoff normal form of P near (x0, y0). According to the well known
Moser twist theorem [1], if the periodic solution ψ is of twist type, i.e., the first twist coefficient of ψ is non-zero, thenψ is
Lyapunov stable.
Based on the above ideas, a practical method, now known as the third order approximation, has been developed by
Ortega [2–4]. After Ortega, there has been considerable progress on this topic. We refer the reader to [5–8] for regular
equations, [9–13] for singular equations and [14–18] for other applications. See also the survey [19,20]. The main idea of
this method is as follows. The third order approximation of (1.1) is
y′′ + a(t)y+ b(t)y2 + c(t)y3 + · · · = 0, (1.2)
where
a(t) = gx(t, ψ(t)), b(t) = 12gxx(t, ψ(t)), c(t) =
1
6
gxxx(t, ψ(t)). (1.3)
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Let P be the Poincaré map associated with (1.2). In most cases, the map P is conjugate to, in a neighborhood D of the origin
O, the so-called Birkhoff normal form
N(z, z¯) = µ(z + iβ|z|2 z + o(|z|3)), z = x+ ix′ ∈ D ⊂ C,
where µ is a Floquet multiplier of ψ . The coefficient β is a real number which is an invariant under symplectic conjugacy.
It is called the first twist coefficient ofψ . By the Moser twist theorem, a periodic solution is necessarily stable in the sense of
Lyapunov if β ≠ 0. An explicit formula for the first coefficient has been given in [4,21]. See the formula (2.1) below.
However, up to now, there are fewworks on the third order approximation to the following damped differential equation
x′′ + h(t)x′ + g(t, x) = 0, (1.4)
where
h ∈ L˜1(R/2πZ) :=

h ∈ L1(R/2πZ) : h¯ = 1
2π
 2π
0
h(t)dt = 0

,
and
L1(R/2πZ) = {h ∈ L1(R) : h(t) = h(t + 2π)}.
In this paper, we will fill this gap. Fortunately, we can use the formula of the first twist coefficient for (1.2) to derive the
formula of the first twist coefficient for Eq. (1.4). See (3.5) below.
Given a 2π-periodic solution ψ , we can rewrite (1.4) into the following form
x′′ + h(t)x′ + a(t)x+ b(t)x2 + c(t)x3 + · · · = 0, (1.5)
where a, b, c ∈ C(R/2πZ) are given by (1.3). The linearized equation for (1.4) is given as
x′′ + h(t)x′ + a(t)x = 0. (1.6)
Some stability results for the above linear damped equation have been established in the literature. See [22] for the case
h ≡ 0 and [23–27] when h does not vanish. We also refer the reader to [28–33] for more results on the stability of the
linear and nonlinear damped differential equations. See also [34,35] for some recent stability criteria of planar Hamiltonian
systems.
The paper is organized as follows. In Section 2, we state several preliminary results. In Section 3, we obtain the formula
for the first twist coefficient of (1.5) when the linear system (1.6) is elliptic. As an application, in Section 4, we consider the
stability of periodic solutions for the superlinear problem
x′′ + h(t)x′ + exp(x) = κ(t), (1.7)
where κ ∈ L1(R/2πZ) and h ∈ L˜1(R/2πZ). Note that Eq. (1.7) is of the Landesman–Lazer type. We prove that there exists
a positive constantΣ > 0 such that if
0 <
 2π
0
σ(h)(t)κ(t)dt ≤ Σ,
then (1.7) has a 2π-periodic solution ψ which has a positive twist coefficient and is therefore Lyapunov stable.
2. Preliminaries
2.1. The first twist coefficient for (1.2)
From [5,4,21], we know that the first twist coefficient of (1.2) can be written as, up to a positive factor,
β =

[0,2π ]2
b(t)b(s)r3(t)r3(s)χθ (|ϕ(t)− ϕ(s)|)dtds− 38
 2π
0
c(t)r4(t)dt, (2.1)
where the kernel χθ is
χθ (x) = 3 cos(x− θ/2)16 sin(θ/2) +
cos 3(x− θ/2)
16 sin(3θ/2)
, x ∈ [0, θ]. (2.2)
Here θ = 2πρ and ρ is the rotation number of
x′′ + a(t)x = 0.
It is well-known that
ρ = lim
t→∞ϑ(t)/t,
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with ϑ(t) satisfying the differential equation
ϑ˙ = sin2 ϑ + a(t) cos2 ϑ.
The function r(t) in (2.1) is the unique positive 2π-periodic solution of the Ermakov–Pinney equation
r ′′ + a(t)r = 1
r3
.
The function ϕ(t) is defined by
ϕ(t) =
 t
0
1
r2(s)
ds, t ∈ R.
2.2. Ellipticity for linear equation (1.6)
Let
M(t) =

φ1(t) φ2(t)
φ′1(t) φ
′
2(t)

be a fundamental matrix solution for the linear system (1.6), where φ1(t) and φ2(t) are real-valued solutions of (1.6)
satisfying
φ1(0) = 1, φ′1(0) = 0, φ2(0) = 0, φ′2(0) = 1.
It is easy to verify that
detM(t) = detM(0)σ (−h)(t) = σ(−h)(t),
where
σ(h)(t) = exp
 t
0
h(s)ds

.
The Poincaré matrix of (1.6) is
M(2π) =

φ1(2π) φ2(2π)
φ′1(2π) φ
′
2(2π)

.
Since h ∈ L˜1(R/2πZ), we have detM(2π) = 1. The eigenvalues λ1,2 of M(2π) are called the Floquet multipliers of (1.6).
Obviously λ1 · λ2 = 1. We can classify (1.6) into three types, according to the Floquet multipliers, as either hyperbolic when
|λ1,2| ≠ 1, or elliptic when |λ1,2| = 1 but λ1,2 ≠ ±1, or parabolic when λ1,2 = ±1, respectively.
In this paper, we only focus on the ellipticity case. As a consequence of [36, Theorem 7.2], the linear equation (1.6) is
stable in the sense of Lyapunov when it is elliptic. See also Remark 3 in [37, Section 6.3]. However, the stability of (1.5)
cannot be determined by the linear stability of (1.6).
Some criteria for the ellipticity of (1.6) are established in [23]. For example, if a(t) > 0 satisfies 2π
0
σ(−h)(t)dt

·
 2π
0
a(t)σ (h)(t)dt

≤ 4, (2.3)
then (1.6) is in the first elliptic region. Moreover, the constant 4 in (2.3) is optimal.
3. The first twist coefficient of (1.5)
Multiplying (1.5) by σ(h)(t), we have
(σ (h)(t)x′)′ + a(t)σ (h)(t)x+ b(t)σ (h)(t)x2 + c(t)σ (h)(t)x3 + · · · = 0. (3.1)
Define
B(t) =
 t
0
σ(−h)(s)ds, Tˆ = B(2π) =
 2π
0
σ(−h)(t)dt.
Then B(t) is increasing in t and Tˆ > 0. Since h ∈ L˜1(R/2πZ), we have
σ(−h)(t + 2π) = σ(−h)(t),
which implies that
B(t + 2π) ≡ B(t)+ Tˆ .
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Using the change of time s = B(t), (3.1) is transformed into
y′′(s)+ aˆ(s)y(s)+ bˆ(s)y2(s)+ cˆ(s)y3(s)+ · · · = 0, (3.2)
where y(s) = x(B−1(s)) and the coefficients are given as
aˆ(s) = a(B−1(s))σ (2h)(B−1(s)),
bˆ(s) = b(B−1(s))σ (2h)(B−1(s)),
cˆ(s) = c(B−1(s))σ (2h)(B−1(s)),
which are Tˆ -periodic.
Note that the linearized equation of (3.2) is
y′′(s)+ aˆ(s)y(s) = 0. (3.3)
The associated Ermakov–Pinney equation to (3.3) is
r ′′(s)+ aˆ(s)r(s) = 1
r3(s)
. (3.4)
Now we are in a position to present the formula for the first twist coefficient of the nonlinear damped equation (1.5).
Theorem 3.1. The first twist coefficient β of the nonlinear damped equation (1.5) can be written as, up to a positive factor,
β =

[0,2π ]2
b(t)b(s)σ (h)(t)σ (h)(s)R3(t)R3(s)χθ (|ϕ(t)− ϕ(s)|)dtds− 38
 2π
0
c(t)σ (h)(t)R4(t)dt, (3.5)
where the kernel χ(·) is given by (2.2), R(t) = r(B(t)), ϕ(t) = ϕˆ(B(t)), r is the positive Tˆ -periodic solution of (3.4), θ = Tˆρ, ρ
is the rotation number of (3.3) and ϕˆ is given by
ϕˆ(s) =
 s
0
1
r2(τ )
dτ .
Proof. Note that the first twist coefficient β of the nonlinear damped equation (1.5) does not change sign under the change
of time. Therefore, up to a positive factor, β can be written as
β =

[0,Tˆ ]2
bˆ(s)bˆ(τ )r3(s)r3(τ )χθ (|ϕˆ(s)− ϕˆ(τ )|)dsdτ − 38
 Tˆ
0
cˆ(s)r4(s)ds,
which corresponds to the first twist coefficient for (3.2). Using the change of variables s = B(t), τ = B(s), we obtain the
formula (3.5). 
Definition 3.2. The equilibrium of the nonlinear system (1.5) is said to be of twist type if the linear equation (1.6) is elliptic
and β ≠ 0.
By the Moser twist theorem, a twist periodic solution is necessarily stable in the sense of Lyapunov.
4. The twist periodic solution for (1.7)
In this section, we consider the Lyapunov stability of the periodic solution of the superlinear problem (1.7).
The following result comes directly from [38, Example].
Lemma 4.1. Assume that p, f are continuous 2π-periodic functions and p ≥ 0, p¯ ≠ 0. Then equation
x′′ + p(t) exp(x) = f (t), (4.1)
has a positive 2π-periodic solution if and only if f¯ > 0.
Theorem 4.2. Eq. (1.7) has a positive 2π-periodic solution if and only if the following condition holds
µ :=
 2π
0
σ(h)(t)κ(t)dt > 0. (4.2)
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Proof. Multiplying (1.7) by σ(h)(t), we obtain
(σ (h)(t)x′)′ + σ(h)(t) exp(x) = κ(t)σ (h)(t). (4.3)
Using the change of time s = B(t) given in Section 3, (4.3) is transformed into
y′′(s)+ p(s) exp(y(s)) = κˆ(s), (4.4)
where y(s) = x(B−1(s)) and the coefficients are given as
p(s) = σ(2h)(B−1(s)), κˆ(s) = κ(B−1(s))σ (2h)(B−1(s)),
which are Tˆ -periodic. Note that p(s) > 0 for all s. Using Lemma 4.1, (4.4) has a positive Tˆ -periodic solution if and only if Tˆ
0
κˆ(s)ds > 0,
which is just the condition (4.2). Then the proof is finished because the Tˆ -periodic solution y(s) of (4.4) corresponds to the
2π-periodic solution x(t) = y(B(t)) of (1.7). 
Now let us assume that condition (4.2) holds and ψ be a 2π-periodic solution of (1.7). Then ψ satisfies Eq. (4.3).
Integrating (4.3) over one period, we have 2π
0
σ(h)(t) exp(ψ(t))dt = µ. (4.5)
The linearization of (1.7) along ψ is
x′′ + h(t)x′ + a(t)x = 0, (4.6)
and the third order approximation of (1.7) is
x′′ + h(t)x′ + a(t)x+ 1
2
a(t)x2 + 1
6
a(t)x3 + · · · = 0,
where
a(t) = exp(ψ(t)) > 0.
From (4.5), we know that a(t) satisfies the equality 2π
0
a(t)σ (h)(t)dt = µ. (4.7)
Using the formula (3.5), the twist coefficient of ψ is, up to a positive factor,
β =

[0,2π ]2
a(t)a(s)σ (h)(t)σ (h)(s)R3(t)R3(s)χθ (|ϕ(t)− ϕ(s)|)dtds− 14
 2π
0
a(t)σ (h)(t)R4(t)dt.
The main result of this section reads as follows.
Theorem 4.3. There exists a positive constant Σ such that if κ ∈ L1(R/2πZ), h ∈ L˜1(R/2πZ) satisfies µ ∈ (0,Σ],
then (1.7) has a 2π-periodic solution ψ which is twist and therefore stable in the sense of Lyapunov.
Proof. In Theorem 4.2, we have proved that Eq. (1.7) has a 2π-periodic solution ψ if µ > 0. We will prove that the first
twist coefficient β of ψ is positive when µ is small.
It was proved in [21] that when 0 < θ < arccos(−1/4), the kernel satisfies χθ (u) > 0 for all u ∈ [0, θ]. Moreover,
χ∗(θ) =: min
u∈[0,θ ]χθ (u)
= χθ (0)
= 5
8(3θ/2)
(1+ 4 cos θ) cos(θ/2)
5
. (4.8)
It follows from (2.3) that (4.6) is elliptic if 2π
0
a(t)σ (h)(t)dt ≤ 4 2π
0 σ(−h)(t)dt
. (4.9)
J. Chu et al. / J. Math. Anal. Appl. 396 (2012) 294–301 299
Combined (4.7) and (4.9), (4.6) is elliptic if
µ ≤ 4 2π
0 σ(−h)(t)dt
.
On the other hand, by Feng and Zhang [39, Theorem 2.3], the rotation number of (3.3) satisfies
ρ ≤ (π/2)(∥aˆ∥1)1/2
= (π/2)
 2π
0
a(t)σ (h)(t)dt
1/2
= (π/2)µ1/2.
Therefore, when µ satisfies
µ < (1/Tˆ )2,
one has always θ = Tˆρ ∈ (0, π/2) ⊂ (0, arccos(−1/4)). It is easy to see that, as a function of θ ∈ (0, π/2), χ∗(θ) is strictly
decreasing.
By Chu and Li [10, Lemma 3.1], we know that the unique positive Tˆ -periodic solution of (3.4) satisfies
0 < ¯ˆa−1/4(1− S(A)) ≤ r(s) ≤ ¯ˆa−1/4(1+ S(A)),
and the rotation number ρ of (3.3) satisfies
ρ ≤ ¯ˆa1/2/(1− S(A))2,
when A is small, where
¯ˆa = 1
Tˆ
 Tˆ
0
aˆ(s)ds, A =
 Tˆ
0
aˆ(s)ds.
Moreover, S(A) ∈ (0, 1) and S(A) = O(A) if A → 0+.
Note that ¯ˆa = µTˆ−1, A = µ, and
min
t
R(t) = min
s
r(s), max
t
R(t) = max
s
r(s).
Therefore, we have
Rmin = min
t
R(t) ≥ (µTˆ−1)−1/4(1− S(µ)), (4.10)
Rmax = max
t
R(t) ≤ (µTˆ−1)−1/4(1+ S(µ)), (4.11)
ρ ≤ (µTˆ−1)1/2/(1− S(µ))2 =: V (µ). (4.12)
Now we have
β∗ = 4

[0,2π ]2 χθ (|ϕ(t)− ϕ(s)|)R3(t)R3(s)a(t)σ (h)(t)a(s)σ (h)(s)dtds 2π
0 R
4(t)a(t)σ (h)(t)dt
≥ 4χ
∗(θ)R6min

[0,2π ]2 a(t)a(s)σ (h)(t)σ (h)(s)dtds
R4max
 2π
0 a(t)σ (h)(t)dt
= 4χ
∗(θ)R6min
 2π
0 a(t)σ (h)(t)dt
R4max
= 4µχ∗(Tˆρ)R6min/R4max.
From (4.10)–(4.11), we have
R6min/R
4
max ≥ (µTˆ−1)−1/2(1− S(µ))6/(1+ S(µ))4.
Thus
β∗ ≥ 4µ1/2Tˆ 1/2χ∗(Tˆρ) (1− S(µ))
6
(1+ S(µ))4 .
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By the inequality (4.12) and the monotonicity of χ∗(θ), we arrive at
β∗ ≥ 4µ1/2Tˆ 1/2χ∗(Tˆ V (µ)) (1− S(µ))
6
(1+ S(µ))4 =: B(µ). (4.13)
Note that the function B(µ) depends only on µ.
Note that when µ→ 0+, we have
V (µ) = (µTˆ−1)1/2(1+ O(µ)), S(µ) = O(µ).
From (4.8),
χ∗(θ) = 5
12θ
(1+ O(θ2)), when θ → 0+.
Hence
χ∗(Tˆ V (µ)) = 5
12(µTˆ )1/2
(1+ O(µ)).
Thus, the function B(µ) in (4.13) satisfies
B(µ) = 5/3+ O(µ), as µ→ 0+.
As a consequence, there must be some Σ > 0 such that β∗ ≥ B(µ) > 1 for all µ ∈ (0,Σ]. Hence β > 0 and ψ is twist
when µ ∈ (0,Σ]. 
Remark 4.4. We note that the results in this paper are only valid for the case h¯ = 0. In fact, throughout this paper, we have
assumed that h ∈ L˜1(R/2πZ), which ensures that (1.6) becomes a conservative equation at t = 2nπ, n = 1, 2, . . .. This fact
is important in our analysis. Such a condition has also been assumed in [40].
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